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Abstract 

We define the singular Hecke algebra 7^(5' as the quotient of the singular braid monoid 
algebra C{q)[SBn] by the Hecke relations <jI = {q — l)^^ + q, 1 < k < n — 1. We observe 
that H{SBn) has a natural graduation, H{SBn) = ®rf^'W(<S'di3„), where H{SdBn) is the 
linear subspace spanned by the braids with d singular points, and we show that Ti.{SdBn) is 
of finite dimension for all > 0. We define a Markov trace on the sequence {H{SdBn)}n=i 
in the same way as for the Markov traces on the tower of (non-singular) Hecke algebras of 
the symmetric groups. We prove that a Markov trace determines an invariant on the links 
with a fixed number d of singular points which satisfies some skein relation. Conversely, we 
prove that any invariant which satisfies this skein relation is of this form. Let TR^ denote 
the set of Markov traces on {'H{SdBn)}n=i- This is a C((7, z)-vector space. Our main result 
is that TRrf is of dimension d + 1. This result is completed with an explicit construction of 
a basis of TR^. Thanks to this result, we define a universal Markov trace and a universal 
HOMFLY-type invariant I : C ^ C[<^^, a;*"'^, X, y], where C is the set of all (isotopy classes 
of) singular links, and i, x, X, Y are variables. We show that this invariant is the unique 
invariant which satisfies some skein relation and some desingularization relation, and which 
takes the value 1 on the trivial knot. It is universal in the sense that, given two links L,L' 
with d singular points, we have I{L) = I{L') if and only if I{L) — I{L') for every invariant 
I : C x^^] which satisfies the studied skein relation. 

AMS Subject Classification. Primary: 57M25. Secondary: 20C08, 20F36. 

1 Introduction 

The Hecke algebra 7i{Bn) of the symmetric group is a one parameter deformation of the sym- 
metric group algebra studied in representation theory as well as in knot theory. Let IC = C(g) 
be the field of rational functions on a variable q, and let denote the braid group on n strands. 
Then TC{Bn) is the quotient of the group algebra ]K[i?„] by the relations 

al = {q - l)ak + q, 1 < k < n - 1 , 

where ai, . . . , cr„-i are the standard generators of Bn- 

Let z he a new variable. A Markov trace on the tower of algebras {Tl{Bn)}n=i is defined to be 
a collection of K-linear maps 

tr„ : HiBn) ^ K{z) , n>l, 

such that 
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• tr„(a/3) = tr„(/3a) for all a,f3 £ Bn and all n > 1; 

• tr„+i(/?) = tr„(/3) for all (i G i?„ C Bn+i and all n > 1; 

• tr„+i(/?cj„) = z • tr„(/?) for all (3 £ Bn and all n > 1. 

Let £o denote the set of (isotopy classes of) links in M^. According to Jones a Markov trace 
T = {tr„}^^ on {TC{Bn)}n=i determines a link invariant It '■ Cq ^ K{^), where y = ■ 
On the other hand, by a result of Ocneanu (see [7], [3]), there exists a unique Markov trace which 
takes the value 1 on the identity. In particular, the set of Markov traces form a one dimensional 
]K(z)-vector space spanned by the Ocneanu trace. 

Let A be an abelian group, let / : £o ~^ ^ be an invariant, and let t,x £ A. We say that / 
satisfies the (t, x) skein relation if 

t-i-I(L+)-t-/(L_)=x-/(Lo), 

for all links L^, Lq G Cq that have the same link diagram except in the neighborhood of a 
crossing where they are like in Figure 1.1. It is well-known that there exists a unique invariant 
I : Cq ^ C[t^^,x^^] which satisfies the (t, x) skein relation and which takes the value 1 on the 
trivial knot. This invariant is equal to It (up to a change of variables), where T is the Ocneanu 
trace, and it is called the HOMFLY polynomial (see [3], [6], [7], [TO]). 




Figure 1.1. The links L+, L_, and Lq. 

Our goal in this paper is to extend these constructions to the singular braids and links. 

Let SBn denote the monoid of singular braids on n strands. After some preliminaries on singular 
links and braids in Section 2, we develop the study of singular Hecke algebras, Markov traces, 
and related singular link invariants in Section 3. We define the singular Hecke algebra in a naive 
way, as the quotient of the singular braid monoid algebra K[SBn] by the Hecke relations 

<^k = il - '^)(^k + q , l<k<n-l. 

For d> 0, let S^Bn denote the set of braids with d singular points. The algebra 'H(SBn) has a 
natural graduation 

+ CXD 

rL{SBn) = ^n{SdBn), 

(1=0 
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where TC{S(iBn) is the hnear subspace of TC{SBn) spanned by SdBn- The algebra Ti.{SBn) itself 
is of infinite dimension, but we show that each subspace T-L{S(iBn) of the graduation is of finite 
dimension over K (see Proposition 3.1). 

A Markov trace on the sequence {l-L{SdBn)^n=i defined in the same way as a Markov trace 
on {H{Bn)}^'^i- Let Cd denote the set of (isotopy classes of) links with d singular points. We 
prove that a Markov trace T on {T-L{SdBn)}n=i determines an invariant It '■ Cd K{^) 
(see Proposition 3.3), and that this invariant satisfies the {t,x) skein relation for t = y^-^/y and 
X = y^— (see Proposition 3.4). Conversely, any invariant I : Cd ^ C!(^, y^) which satisfies 

the (t, x) skein relation is of the form / = It, where T is a Markov trace on {H{SdBn)}n=i (with 
coefficients in C(y^, y^)). 

Section 4 contains the main result of the paper. Let TR(i denote the set of traces on 7i{SdBn). 
This is a K(2:)-vector space. We prove that the dimension of TR^ is d + 1, and construct an 
explicit basis of TR^ (see Theorem 4.7). 

Let C denote the set of all (isotopy classes of) singular links. Thanks to Section 4, we define in 
Section 5 a universal trace and a universal HOMFLY-type invariant / : £ — > C(y^, y^)[X, y], 
where y,X,Y are variables. We prove that / distinguishes two singular links L, L' G Cd (where d 
is fixed) if and only if there exists an invariant I : Cd ^ C{y/q, yjy) which satisfies the (i, x) skein 
relation for t = ^/q^/y and x = y^ — and which distinguishes L and V (see Theorem 5.3). 

We also prove that / is the unique invariant with values in C[t^"'^, x^^, X, y], which satisfies 
the (t, x) skein relation and some desingularization relation, and which takes the value 1 on the 
trivial knot (see Proposition 5.4 and Theorem 5.5). 

Our invariant / is more or less equivalent to the invariant of Kauffman and Vogel defined in [9]. 
More precisely, the invariant of Kauffman and Vogel is the specialization X = 1 of our invariant, 
but this specialization does not make much difference. Nevertheless, their approach is different 
from ours in the sense that they use singular Reidemeister moves to prove that their invariant 
is an invariant. They define some "generalized Hecke algebras" and define a Markov trace on 
this family of generalized Hecke algebras from which they can recover their invariant, but they 
definition of generalized Hecke algebras involves many relations besides the Hecke ones that are 
not natural in the context of an algebraic study. 

Note that the notion of Markov traces to study singular braids and links is also present in pQ, 
but the considered algebra in this paper is a one parameter deformation of C[i?„], which is 
specially adapted to the study Vassiliev invariants, but which has nothing to do with the Hecke 
relations. 

2 Singular links and braids 

Let n > 1, and let §i, . . . , S„ be n copies of the circle S^. A singular link on n components is 
defined to be a smooth immersion L : §1 U • • • U S„ ^ such that, for ah P G L (we identify 
the map L with its image) there exist an open neighborhood U oi P and a diffeomorphism 
(fu - U ^ (-1, 1)^ such that 
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. ipuiP) = (0,0,0); 

• either <fuiU n L) = (-1, 1) x {0} x {0}, or ^uiU n L) = ((-1, 1) x {0} x {0}) U ({0} x 
(-1,1) x{0}). 

In the second case, when ipu{UnL) = ((-1, 1) x {0} x {0}) U ({0} x (—1, 1) x {0}), we say that 
P is a singular point of L. 

In this context, the admissible isotopies preserve the whole structure. Moreover, the circle as 
well as the links are always assumed to be oriented. 

Let TT : — > R^, (x, y, z) ^ (x, y), be the projection on the two first coordinates. Up to isotopy, 
we can assume that vroL : Si U • • • U§„ — > R^ is a smooth immersion. Moreover, for all P G 7r(L), 
we can assume that there exist a neighborhood y of P and a diffeomorphism : y — > (— 1, 1)^ 
such that 

. V'y(^) = (0,0); 

• either i)v{V r\^{L)) = (-1,1) x {0}, or ^y(yn^(L)) = ((-1,1) x {0}) U ({0} x (-1,1)). 

In the second case, when ipviV H vr(L)) = ((—1, 1) x {0}) U ({0} x (—1, 1)), we say that P is a 
crossing of vr(L), and we indicate graphically like in Figure 2.1 if P is the preimage of a singular 
point of L, or else which strand passes over the other. Such a graphical representation of L is 
called a link diagram of L. 

X 

singular 
crossing 

Figure 2.1. Crossings in a singular link diagram. 




non-singular 
crossings 



Obviously, a singular link can be determined by many link diagrams. However, we have the 
following. 

Theorem 2.1 (Kauffman [8j). Two link diagrams represent the same singular link up to isotopy 
if and only if one can pass from one to the other by a finite sequence of singular Reidemeister 
moves as shown in Figure 2.2. □ 

Let V = {Pi, . . . , P„} be a set of n punctures in R^ (except mention of the contrary, we will 
always assume P^ = (/c, 0) for all 1 < A; < n). A singular braid on n strands based at V is defined 
to be a n-tuple j3 = {bi, . . . , bn) of smooth paths, bk ■ [0, 1] — > R^ x [0, 1], such that: 

• There exists a permutation x S Sym„ such that bk{0) = (Pfc,0) and bk{l) = (-Px(fe)' ^) 
all 1 < /c < n. 
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XD-r)-XD 




Figure 2.2. Singular Reidemeister moves. 



• Let TTs : X [0, 1] [0, 1], {x,y,t) t, be the projection on the third coordinate. Then 
■K3{bk{t)) = i for all 1 < < n and all t G [0, 1]. 

• Let 

P = 6i((0, 1)) U • • • U bn{{0, 1)) C X (0, 1) . 

For all P £ (3, there exist a neighborhood U oi P and a difFeomorphism (pu : U ^ 1)^ 
such that ^pu{P) = (0,0,0), and either Lpu{Ur^ j3) = (-1,1) x {0} x {0}, or (pu{Un(3) = 
((-1, 1) X {0} X {0}) U ({0} X (-1, 1) X {0}). 

In the above definition, we call the point P G /3 a singular point of /? if (pu{U fl /3) = ((—1, 1) x 
{0}x{0})U({0}x(-l,l)x{0}). 

The isotopy classes of singular braids form a monoid (and not a group) called the singular braid 
monoid on n strands and denoted by SBn. The monoid operation is the concatenation. 

Let vr : X [0, 1] ^ M x [0.1], {x,y,t) ^ {x,t). Up to isotopy, we can assume that, for all 
P G vr(/3), there exist a neighborhood V oi P and a diffcomorphism ipy : V ^ { — 1, 1)^ such that 
il;y{P) = (0, 0), and either Vy(^ n Tr0)) = (-1, 1) x {0}, or i/jyiV n tt0)) = ((-1, 1) x {0}) U 
({0} x (-1, 1)). In the second case, when tpviV (1 7r(/3)) = ((-1, 1) x {0}) U ({0} x (-1, 1)), we 
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say that P is a crossing and we indicate graphically like in Figure 2.1 if P is the preimage of 
a singular point of /3, or else which strand passes over the other. Such a representation of /? is 
called a braid diagram of /3. 



Theorem 2.2 (Baez P, Birman ^] 
ators 



The monoid SBn has a monoid presentation with gener- 



al, . 



-1, n, 



and relations 





^fc ^CTfc = 1 


for 1 < k < n 


O'kTk 




for 1 < k < n 




= o-^t^fcO"; 


if\k-l\=l, 


(^k(^lTk 




if\k-l\=l, 


CTkC^l 




if\k-l\>2, 


C^kTl 


= n<^k 


if\k -l\>2, 


Tkn 


= TlTk 


if\k-l\>2. 



! Tn—l 1 

1, 
1, 



□ 

The braid ak in the above presentation is the standard k-ih generator of the braid group 
(see Figure 2.3). The braid Tk is a singular braid with a single singular point which involves the 
fe-th strand and the {k + l)-th strand (see Figure 2.3). 




Tk 




Figure 2.3. Generators of SB^- 



From a singular braid (5 = (6i,...,6„) one can construct a singular link, called the closure 
of (5 and denoted by /3, as follows. Let ^pi : x [0, 1] ^ x S"*^ be the map defined by 
(^i(p, t) = {P, e^*'^*) for ah (P, t) eM.'^x [0, 1]. In other words, ipi identifies (P, 0) with (P, 1) for 
all P G R^. Let ID denote the interior of the unit disk. We take a diffeomorphism ■(/; : — > D 
and we extend it to a diffeomorphism (/?2 : R^ x ^ ID' x S^, (-P)0 ^ (V'(^))0- For instance, 
the map ip can be defined by 



V'(x,y) 



y 



1 + y/x^ + y2 1 + y/x2 + y2 



Finally, we take a standard embedding 993 : B x §^ 
instance, the map 993 can be defined by 



j for all (a;,y) G 

and we set P = (ip^ o ° For 



ipsix, y, e^*''*) = ((2 + x) cos 27rt, (2 + x) sin 27rt, y) 
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Figure 2.4. A closed singular braid. 



An example of a closed singular braid is illustrated in Figure 2.4. 

The following theorem is known as the Alexander theorem for singular links, and can be proved 
with almost the same arguments as for the classical Alexander theorem. We give a proof here 
because it will be needed in the next sections to get the skein relation for our invariants. This 
proof is based on the sketch given by Birman in [2]. 

Theorem 2.3 (Birman [2]). Every singular link is a closed braid. 

Proof. Let L be a singular link. We consider the projection tt : — > M^, {x,y, z) ^ {x,y) and 
we assume that 7r(L) is a link diagram. We also assume that (0,0) ^ T^iL), so that the vertical 
line d = {(0, 0, 2); z G M} does not touch L. 

Up to isotopy, we assume that there exist intervals /i , . . . , /p in R'^ such that 

1. L = /i U I2 U • • • U /p; 

2. li n Ij is either empty or a single point which must be an extremity of both, Jj and Ij, for 
all 1 < « 7^ j < p; 

3. li and d are not coplanar for any 1 < i < p; 

4. no extremity of '/r(/j) is a crossing of vr(L) for all 1 < i < p. 

Note that the above assumptions imply that L is piecewise linear but not smooth anymore. 
However, we can smooth the corners along the whole proof. 

Let P be a crossing of vr(L), and let li and Ij be the intervals such that P G vr(/j) n 7r(/j). Let 
Pi = {P,Zi) £ li (resp. Pj = {P, Zj) £ Ij) such that 7r(Pi) = P (resp. 7r(Pj) = P). We say that 
P is an upper crossing of li if Zj > Zj, that P is a lower crossing of if Zi < Zj, and that P is 
a singular crossing of Ij if Zi = Zj. We say that an interval li is an upper interval (resp. lower 
interval, singular interval) if all the crossings on /j are upper crossings (resp. lower crossings, 
singular crossings) of /j. We use the convention that Ij is an upper interval if there is no crossing 
on it. 

Without loss of generality, we can add the following assumption on the intervals. 
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5. Every interval is either upper, or lower, or singular. 

Recall that L is oriented, and this orientation induces an orientation on each /j. We set 7r(/j) = 
[Ai, Bi] so that the orientation goes from Ai to Bj. Not that the hypothesis (3) (/j and d are not 
coplanar) implies that Ai ^ Bi and O = (0, 0) does not lie in the line {Ai, Bi) spanned by Ai and 
Bi. We endow M? with the standard orientation, and we say that Ij is positive if {AiBi, AiO) is 
a direct basis of (see Figure 2.5), and we say that /j is negative otherwise. 





d 



















Figure 2.5. A positive interval. 



Let neg(L) denote the number of negative intervals. It is easily seen that L is a closed braid if 
neg(L) = 0. 

Upon transforming L and 7r(L) and adding new (non-singular) crossings, we can also assume 
that 

6. Every singular interval is positive. 

Prom now on in the proof, all the isotopies we shall consider preserve Conditions (1) to (6). We 
prove by induction on neg(L) that L is a closed braid. 

Suppose neg(L) > 0. Let li be a negative interval. By Condition (6), li is either upper or lower 
(say it is upper). It is easily seen that there exists a flat triangle T embedded in such that 
T n L = li, and Tn d is a unique point in the interior of T (see Figure 2.6). Let In and Ii2 be 
the other sides of T, and set 

L' = {L\Ii)UilnUli2). 

Clearly, we can choose T so that In and /j2 are both upper and positive intervals. Then L' is 
isotopic to L, it satisfies Conditions (1) to (6), and neg(L') = neg(L) — 1. □ 

Now, consider the set W^^^SBn of all singular braids. We may often use the notation (/3, n) to 
denote a braid /? G SBn in case we want to emphasize the number n of strands. 

We say that two singular braids {a, n) and {f3, m) are connected by a Markov move if either 

• n = m, a = 7172, and /3 = 7271, for some 71, 72 € SB^, or 

• n = m + 1 and a = /3cr^^; or 
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h 

Figure 2.6. A triangle. 

• m = n + 1 and /? = aa^^ . 

Theorem 2.4 (Gemein [5J). Let (a,n) and (/?, m) be two singular braids. Then a and (3 are 
isotopic if and only if{a,n) and {(3,m) are connected by a finite sequence of Markov moves. □ 

3 Singular Hecke algebras, Markov traces, and singular link in- 
variants 

Recall that = C{q) denotes the field of rational functions on a variable q. We define the singular 
Hecke algebra 7i{SBn) to be the quotient of the monoid algebra lC[S'i?„] by the relations 

(3.1) al = {q-l)ak + q, l<fc<n-l. 

For d > 0, we denote by S^Bn the set of (isotopy classes of) singular braids on n strands with d 
singular points, and by IK[S'rfi?„] the K-linear subspace of ]K[S'i?„] spanned by SdBn- Note that 
SoBn = Bn is the braid group, and K[5'ofin] = is the group algebra of We have the 

graduation 

K[SBn]=^K[SA]. 

(1=0 

The relations ()3.ip that define the singular Hecke algebra involve only elements of degree zero, 
thus the graduation of K[SBn] induces a graduation of Ti.{SBn). 

+ 00 

H{SBn)=^n{SdBn), 

d=0 

where Ti.{SdBn) is the K-linear subspace of Ti.{SBn) spanned by SdBn- 

It is known that 7i{Bn) has dimension n!, and has a basis Bn which can be described as follows 
(see [7]). For n > 2 we set 

l^n = {1, Cn-l, Cn-l<7n-2, • • • , <7n-lO'n-2 • • • (72fTi} . 

Then Bn is defined by induction on n by 

Bi = {1} , Bn = {Pu; Pe Bn-i and u e Un} if n > 2 . 
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The singular Hecke algebra Ti.{SBn) is not of finite dimension, but each subspace Ti.{SdBn) of 
the graduation is of finite dimension. Indeed: 

Proposition 3.1. Let d > 0, and let n > 2. Let Cd^n denote the set of singular braids of the 
form Ti^ - ■ ■ Ti^j3, where 1 < ij < n — \ for I < j < d, and /? G Bn- Then Cd-n spans 7i{SdBn)- 

Proof. Observe that the Hecke relation ()3.ip implies that 

a^^ = q^^cTk ~ Q^^{q ~ 1) ; for all 1 < /c < n — 1 . 

Let i,j £ {1, ... ,n — 1} such that \i — j\ = 1, and let a > 1. We calculate crfrj in two ways. 
Firstly, 

= q~^aiajT°-ajai - q~^{q - l)cjiTfajai 
= q-^T'^CFicr'jai - q~^{q - l)Tf(Ti(Tjai 

= Q^^iq - l)T^(Tiajai + {q- l)Tjai + qr^ - q-^{q - l)T^aiajai 

Secondly, 

afT^ = {q-l)a,T^ + qT^. 

These two equalities imply 

(3.2) aiTj = q'^Tjaiajai - q~^T°-aiajai + r^cJi . 

On the other hand, by Theorem 2.2, if i, j G {1, . . . , n — 1} are such that \i — j\ ^ 1, then 

(3.3) UiT^ = T'^Gi . 

The equalities (|3.2|) and (|3.3|) show that every element of 7i{SdBn) is a linear combination of 
elements of the form Tj^ • • • Tj^w, where 1 < ij < n — 1 for 1 < j < d, and uj G Ti.{Bn)- Now, since 
Bn is a basis of Ti.{Bn), we conclude that every element of TC{SdBn) is a linear combination of 
elements of the form ti^ - ■ ■ Ti^f3, where 1 < ij < n — \ for 1 < j < d, and (3 £ Bn- Q 

However, Cd,n is not a basis of 7i{SdBn) in general. Indeed: 

Lemma 3.2. Let i,j G {1, . . . ,n — 1} such that \i — j\ = 1, and let a > 1. Then 

+ f^j^i -(Q- -(Q- + (g^ - 9 + 1)) 
= Tj{aiaj + ajai - {q - l)ai - {q - l)aj + (g^ - g + 1)) • 

Proof. Recall the equality (|3.2p in the proof of Proposition 3.1: 

(^iTj = q'^TjUiUjai - q~^T°-aiajai + r'-ai . 
We multiply this equality on the right hand side by '^^^'^7^ 

OiT^a-^aJ^ = q-W^ai 

<^ g^^o-jTf -g-i(g- l)rf = q-^T^ai 



-q-^T^(Ti+T^aj' 

- g-Vf^T, + q-^T^^aj - q-\q - l)r| 

- q-^r^cj^ + q-^T^aj - q-\q - 1)t^ 
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thus 

(3.5) a,rf = r;(a, + a, - {q - 1)) - rf (^7, - (g - 1)) . 

Now, we apply twice (I3.5p to CTiajT^ and obtain 

o-iCTj-rf = aiT^iai + aj - {q - 1)) - aiT^{ai - (g - 1)) 

= T-{ai + ^7, - (g - 1))2 - T-{aj - {q - l)){a, + a, - {q - 1)) - Tfa,{a^ " " 1)) 

= '^ii'^i'^j + <^3<^i -{Q- - - + (^^ - 9 + 1)) 

-r;(ajai - (g - 1)^7^ - (g - 1)^7^ + (g^ - g + 1)) . 

Since (yiajTf = Tjaiaj, it fohows that 

r"(c7iC7j + c7jC7i - (g - l)f7i - (g - l)c7j + (g^ - g + 1)) 
= rj'(f7jf7j + f7jf7j - (g - l)c7i - (g - l)(7j + (g^ - g + 1)) . 

□ 

Remark. We do not know the dimension of Ti.{S(iBn) if d > 1 and n > 3. 

We turn now to the definition of a Markov trace, but, before, we make the following remark. 

Remark. The basis Bn of 7i{Bn) can be viewed as a subset of Bn+i- This implies that the 
natural embedding Bn ^ Bn+i leads to an injective homomorphism 7i{Bn) ^ 7i{Bn+i)- In 
the case of the singular Hecke algebras, the natural embedding SBn ^ SBn+i also leads to a 
homomorphism t„ : TC{SBn) — > 7i{SBn+i), but we do not know whether this homomorphism is 
injective. 

Let z be a new variable. Let > 0. A Markov trace on the sequence {l-L{SdBn)}n'=i defined 
to be a collection of K-linear maps 

tr^ : n{SdBn) ^ , n > 1 , 

such that 

• tr^(a/?) = trj^(/3a) for all singular braids a E SkBn and (3 S SiBn such that k + l = d, and 
all n > 1; 

• t^n+i ° '-n = tr^ for all n > 1; 

• tr^_^]^(i„(/3)(7„) = z • tr^(/3) for all /3 G S'rfiJn and all n > 1. 

Define a Markov trace on the sequence {H{SBn)}n=i to be a collection of K-linear maps 

tr„ : n{SBn) ^ K{z) , n > 1 , 

such that 

• tr„(a/3) = tr„(/3a) for all singular braids a,f3 G SBn, and all n > 1; 

• tr„+i o in = tr„ for all n > 1; 
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• tr„+i(i„(/3)(T„) = z ■ tr„(/3) for all /3 G SBn and all n > 1. 

Note that, if T = {tr„}^^ is a Markov trace on {Tl{S Bn)}n=i} then, for all d > 0, the collection 
T'^ = {ti'^ = trn\H{SdB„)}t=i of restrictions is a Markov trace on {Tl{SdBn)}^^i. Conversely, a 
collection {T'^}^^, where T'^ is a Markov trace on for all d > 0, determines a 

unique Markov trace on {Tl{SBn)}n=i ■ So, both definitions of Markov traces are more or less 
equivalent. Now, since the number d of singular points can be fixed in our study, we will mainly 
consider Markov traces with a fixed number of singular points in the remainder. 

Remark. We do not impose the condition tri(l) = 1 in the above definitions because this 
condition has no real meaning in the context of singular braids. Moreover, without this condition, 
the Markov traces on {TL{SBn)}^=i (or on {H{SdBn)}n=i) form a K(2:)-vector space. This will 
be of importance in the remainder. 

Let Cd denote the set of (isotopy classes of) singular links with d singular points. We fix a Markov 
trace T = {tr^}^^ on {Tl{SdBn)}n=i, and turn to define an invariant It '■ Cd ^ K{^). We 
follow the same strategy as Jones in [7j. 

Let TT : SBn — > TC{SBn) denote the natural map, and let e : SB^ — > Z be the homomorphism 
defined by 

e(cji) = 1 , e(a-i) = -1 , ein) = , for 1 < i < n - 1 . 
We consider the following change of variables: 

q - I z - q + 1 



For a braid /5 G SdBn we set 

(1 \ ^"+-'^ 

This is an element of 

Proposition 3.3. Let {a, n) and {(3, m) he two singular braids with d singular points. If a is 
isotopic to (3, then Iria) = IriP)- 

Proof. By Theorem 2.4, it suffices to consider the following cases: 

1. n = m, and there exist 71 G SkBn, 72 G SiBn such that k + l = d, a = 7172, and /3 = 7271; 

2. m = n + 1 and /? = a(T„; 

3. m = n + 1 and /3 = aa~^ . 

Suppose that n = m and there exist 71 G S^Bn, 72 G SiBn such that k + I = d, a = 7172, 
and /5 = 7271. Then, by definition, we have tr^(7r(a)) = tr$![(7r(/3)) and e(a) = e{/3), thus 
It (a) = It{/3). 
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Suppose that m = n + 1 and P = aan- Then 



Q- 


-1 


1- 


-gy 


9- 


-1 


1- 


-gy 


Q- 






-ly 



It {a) . 



.(^)-H-"+i.t<+i(7r(a)a„) 



Suppose that m = n + 1 and /3 = aa^ ^ . Recall the equality 



Then 



q- 




1- 


-92/ 


9- 




1- 


-92/ 


q- 




1- 


-92/ 


9- 




1- 


-92/ 



' • (Vy)^(")-'^-^ • (g-Hr;(+i(7r(a)a„) - g-^g - l)tr;^+i(7r(a))) 



□ 

For L G we choose a singular braid n) such that (5 = L, and we set IriL) = It{P)- By 
Proposition 3.3, ItC-J/) is a well-defined invariant. 

Let A be an abelian group, let I : ^ A be an invariant, and let t,x & A. We say that / 
satisfies the {t, x) skein relation if 

t-^ ■I{L+)-t-I{L^) = x-I{Lo), 

for all singular links L+,L-,Lq G jC-d that have the same link diagram except in the neighborhood 
of a crossing where they are like in Figure 3.1. 




\ 



Now, we set 



Figure 3.1. The singular links L+, L_, and Lq. 



t = Vy-Vq, x = y/q- 
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and we define tr„ : SaBn C(^, ^) by 
With these new notations /r(/5) can be written 

(1 J.2 \ 1—1 

Proposition 3.4. The invariant It ■ ^ C{^, yjy) satisfies the {t,x) skein relation. 

Proof. Let Lj^,L^,Lq G Cd be three singular hnks that have the same singular link diagram 
except in the neighborhood of a non-singular crossing where they are like in Figure 3.1. A 
careful reading of the proof of Theorem 2.3 shows that there exist a singular braid n) with d 

singular points, and an index 1 < i < n — 1, such that L+ = /3o"j, L_ = l3a~'^, and Lq = /3. On 
the other hand, the Hecke relation (13. ip implies 

tiiipai) = xtr^(/3) + tr^ . 

Hence, 

i-i/r(L+)-tJT(L_) 
= IriLo). 

□ 

Define a Markov trace on the sequence {7{{SdBn)}n=i with coefficients in C(y^, y^) to be a 
collection of IC-linear maps 

tr^ : n{SA) ^ C(^, Vy) , n>l, 

such that 

• tr^(a/?) = tr5((/3a) for all singular braids a G S'fcSn and /? S S^-Bn such that k + l = d, and 
all n > 1; 

• ^^n+i ° i-n = trji for all n > 1; 

(/3)f7„) = z • tr^(/3) for all /3 G S'dSn and all n > 1. 

Using the same trick as above, a Markov trace T on the sequence {H{SdBn)}n=i with coefficients 
in C(y^, y^) defines an invariant It Cd ^ y^) which satisfies the (t, x) skein relation 

for t = y^y^ and x = y^ — Now, the reverse of Proposition 3.4 is true in the following 
sense. 

Proposition 3.5. Let I : Cd ^ C(y^, y^) he an invariant which satisfies the {t,x) skein 
relation for t = y/y^/q and x = y^— Then there exists a Markov trace T on {7i{SdBn)}^^^ 
with coefficients in C(y^, ^/y) such that I = It- 
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Proof. Recall that tt : SBn TC{SBn) denotes the natural map, and that e : SBn ^ Z is the 
homomorphism defined by e((Tj) = 1, e{a^^) = —1, and e(Tj) = 0, for 1 < i < n — 1. 



Let tr^ : S^Bn — > C(y^, y/y) be the map defined by 



(1 +2 \ 1—'^ 



Let a G SkB^ and /3 G S^i^n such that k + I = d, and let 1 < i < n — 1. By the {t,x) skein 

relation we have ^ ^ 

■ I{aaff3) - t ■ I{af3) = x ■ I{aa^) , 

thus 

(3.6) tr'^{aafp) = xtr'^{aaiP) + tr'^{aP) . 

Let a G SkBn and /? G SiBn such that k + 1 = d. We have a/3 = Pa, thus 

(3.7) t~r'(a/3)=t~r'(/?a). 

Let P G SdBn- We have /3ct„ = /Jci,^^ = /3, thus, by the (t, x) skein relation, 

• /((/?cC^ 1)) - t ■jX{Pa^\^+ /((/3T^1)) 
t-Hl-t^)-imn))=x-I{{P^l)), 

therefore 

(3.8) t~r;(/3)=t~r:;+i(/3). 

Let P G SdBn- Since /3(Tn = /3, we have I{{Pan,n + 1)) = I{{P,n)), thus 

(3.9) tl'+i(/3a„) = ('^] • trtiP) . 



Let tr" : K[SdBn] C(y^, y^) be the K-linear map defined by 

KW) = {VQy^''^-^^tiP)^ iorPGSdBn. 
Let a G S^Bn and /? G SiBn such that k + 1 = d, and let 1 < i < n — 1. By (|3.6|) . we have 

Kiaafp) = {q-l)- K{aaiP) + q ■ K{aP) . 
So, ti^ '■ K[SdBn] C(-yg, y^) induces a K-linear map trj!^ : 7i{SdBn) —>■ 'C{^, y^). 

The relations ([HZD, ([HSD, and 1^ imply that T = {tr^}+^^ is a Markov trace on {W(5'd5„)}+^i 
with coefficients in C{y/q, ^Jy), and a direct calculation shows that I = It- □ 
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4 The space of traces 

For d > 0, we denote by TR^^ the set of all traces on {Tl{SdBn)}^^i. This is a lC(z)-vector space. 
Note also that the space of aU traces on {n{SBn)}t=i is the completion of TR = e+^TR^. We 
start our analysis recalling the following. 

Theorem 4.1 (Ocneanu [7], [3]). There exists a unique trace Tq = {trj^}^^ on {7{{Bn)}n=i 
such that tr?(l) = 1. □ 

Corollary 4.2. TRq is a one- dimensional M.{z)-vector space spanned by Tq. □ 

The above trace Tq is called the Ocneanu trace. It will be a master piece in our study. 

In this section we prove that TR^ is of dimension d+1 and construct an explicit basis {Tq , Tf,..., 
Tf } of TRrf. 

We start with the definition of the Markov traces Tj}, < k < d. 
Let 

9o^9i ■ 'H{Sd+iBn) H{SdBn) 
be the K-linear map defined as follows. Let (3 G Sd+iBn- Write (3 in the form 

where 1 < ij < n — 1 for 1 < j < d + 1, and aj £ Bn for < j < d + 1. Then 

d+1 

9o{P) = X] "oTntti • • • Ti._^aj-i ■ aj ■ Tj^.^-^aj+i • • • n^^-^ad+i , 
i=i 

d+1 

9i{P) = X] aoTij^ai ■ ■ ■ Ti._-^aj-i ■ ai-Oj ■ Ti.^-^^aj+i ■ ■ ■ Ti^_^_-^ad+i . 
i=i 

It is easily seen from the presentation of SBn given in Theorem 2.2 that and gf are well- 
defined. 

Let 

^i^f:TRd^TRd+i 

be the K{z)-\me&T maps defined as follows. Let T = {trj^}^^ be an element of TR^. Then, for 
w G Ti.{Sd+iBn), we set 

$^(T)(^) = tvMiw)) , ^imco) = tviigfiw)) . 

It is easily checked that o <i)^~i = o ^f-^^ for all e,fie {0, 1}, and all d> 1. 

Now, we define T^ by induction on d. According to the previous notation, Tq is the Ocneanu 
trace of Theorem 4.1. If d > 1, then 

d^S <\Tt') iik<d-l, 
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Note that we also have = '^f^^iTj^Zl) for all 1 < A; < d - 1. 

Theorem 4.3. Let d>0. Then {T^, Tf, Tj} is a linearly independent family o/TR^. 

The following lemmas 4.4 to 4.6 are preliminaries to the proof of Theorem 4.3. 

The submonoid of Bn generated (as a monoid) by ui, . . . , (T„_i is called the positive braid monoid 
and is denoted by B^. By [3], it has a monoid presentation with generators . . . and 
relations 

atajai = crjaiaj if \i - j\ = 1 , 
aiaj = ajai if |i — j| > 2 . 

Lemma 4.4. Let n>l, and let (3 e B+ . Then T^{(5) G Z[q, z\. 

Proof. Let C/„ denote the Z[g]-submodule oi'H{Bn) spanned by B^. We prove by induction on 
n > 2 that C/„ is actually spanned as a Z[(7]-module by B^_^ U {aan-ia'] a, a' S B^_^}. 

Suppose n = 2. Then U2 is spanned as a Z[g]-module by {cr";a > 0}. Now, the Hecke relation 
implies that 

al = {q- l)al-^ + qu'^-'^ , for all a > 2 , 
thus U2 IS spanned by {1,(Ti}. 

Suppose n > 3. Let Vn be the Z[(j']-submodule spanned by B^_^ U {aan-ia'; a, a' G -B^_^}. Let 
f3 £ B^. We write /? in the form 

P = /?0O"n-l/?l • • • CTn-lPl , 

where /5o, • • • , A ^ -^n-i' ^'^'^ prove that /3 G by induction on /. The cases / = and I = 1 
are obvious. So, we can suppose that / > 2. By induction (on n), we can assume that either 
/3i G S+_2, or /3i = /3lcJ„_2/3l' for some P[,P'{ G S+_2. If Pi G 5+_2, then 

/3 = /5o/3l'7^-l/?2<7n-l/33 • • • fn-lA 

= (g - 1) • /3o/?lO-„_i/?2CT„_i/?3 • • • an-lPl + q ■ PoPlP2Crn-lP3 ' ' ' CTn-lPl , 

thus, by induction (on /), we have (3 G Vn- If Pi = P'ian-2Pi for some P'l, P" G B^_2, then 

P = PoPl(^n~lO'n~2(^n~lPlP2(^n~lP3 ' ' ' CTn-lPl 

= (/3o/3io"„_2)(T„_i((T„_2/3i/32)o"n-l/?3 " " " CTn-lPl , 

thus, by induction (on I), we have P £ Vn- 

Now, we take P G B^ and turn to prove that Tq{P) G Z[g, z]. We argue by induction on n. 

Suppose n > 2. By the above observation, we can assume that either P G or /3 = ao"„_ia' 

for some a, a' G If /? G B^_^, then, by induction, Tq(/3) G z]. If /? = acr„_ia' for 

some a, a' G -B^_;^, then, by induction, Tq (/?) = z ■ TQ^aa') G Z[(7, z]. □ 
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Lemma 4.5. Let 1 < a < n — 1, and let a, a' £ {ca+i, ■ ■ ■ ,cr„_i) + , where {(Ja+i, ■ ■ ■ ,cr„_i) 
denotes the suhmonoid generated by o"a+i, • • • , Cn-i- Then 

ro°(ao-aa')U=o = 0, 
T^{aala)\z=o = q • T^{aa)\;,=o . 



Proof. The first equality is a consequence of the fohowing one 

Tq (acJaa') = z ■ Tg (aa') 

whose proof is left to the reader. The second equality follows from the first one and the Hecke 
relation (O). □ 



The following lemma is a direct consequence of the previous one. 

Lemma 4.6. Let < a,b < n — 1, and let ii, . . . ,ia G {1, . . . , n— 1} such that ii < 12 < ■ ■ ■ < ia- 

Let 

Then 

ro°(7)U=o = 



if a = b, h = 1, . . . , ia 
otherwise . 



□ 



Proof of Theorem 4.3. For < 6 < d, we set 



7^ = Trf • • • T2ri(Tl(T2 • • • CTfc 



A direct calculation shows that 



Tailt) = {d- ay.al T^ {(Ti, ■ ■ ■ (Ti2(Tn(Tia2 ■ ■ ■ ab) ■ 

l<il<---<ia<n—l 

By Lemma 4.4, we have r^(7^) G "^[q, z], and, by Lemma 4.6, 

T'^f^'^M ^ j {d - a)l a\ q"" ifa = 6, 
-talTfeJk-O Q otherwise. 

This implies that Tq , Tf, . . . , are linearly independent. □ 

Theorem 4.7. Let d > 0. Then TR^ is a ^{z)-vector space of dimension d + 1. In particular, 
{T^,Tf,...,T^} IS a basts o/TR^. 

The main ingredient in the proof of Theorem 4.7 are the relations in 7i{SBn) that will be proved 
in the following lemmas 4.8 to 4.11. We will prove Theorem 4.7 after these lemmas. 

Lemma 4.8. Let i,j £ {1, . . . ,n — 1} such that \i — j\ = 1, and let a > 1. Set 

Bij = cri+ aj - (q-l) . 
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Then 

(4.1) aiTj = q'^TjOiajai - q'^T^aiajai + r^fij ; 

(4.2) a.rf = rfia, + a, - {q - 1)) - - (q - 1)) ; 

(4.3) BijTt = T^Bij ■ 

rfiaiUj + UjUi - (q- l)ai - (q - l)crj + {q^ -q+ 1)) 
= T°-{aiaj + ajai - {q - l)ai - {q - l)aj + {q^ -q + 1)) 



(4.4) 



Proof. The equalities (03]), (H^]), and ([O]) are proved in Section 3 (see ([221), (1331), ([231) )• 
Since commutes with — (5 — 1), the equahty (14. 3p is a direct consequence of (14.21) . □ 

Lemma 4.9. Let i,j G {1, . . . ,n — 1} stic/i i/iai |i — j| = 1. Then Bij is invertible in 7i{Bn)- 

Proof. A direct calculation shows that 

-q^^iq + iy^iq{q - 1) - '^qc^i - "^qcrj - (q - l)(yiaj - {q - l)ajai + laiUjUi) 

is the inverse of Bij. □ 

Lemma 4.10. Let i,j G {1, . . . ,n — 1} such that \i — j\ > 2, and let a > 1. Let 

Ci j = 2aiaj - {q- l)ai - {q - l)aj + q"^ + 1 . 

Then 

(4.5) air; = r/a^ ; 

(4.6) {a^-ajf = {q + lf -Qj; 

(4.7) T^Ci, = T^Cij . 



Proof. The equality (14. 5p is a straightforward consequence of Theorem 2.2, and ()4.6p can be 
easily proved with a direct calculation. So, it remains to prove (|4.7p . 

First, we study the case where i = 1 and j = 3. We apply twice (14. 2|) to fTicrsrf and obtain 

0"lO-3rf = Crirf(cr2 + 0-3 - (g - 1)) - 0-ir2"((T2 - (g - 1)) 

= r3Vi(a2 + as - (g - 1)) - rf (ai + ^2 - (g - l))(a2 - {q - 1)) + rf (^2 - (<7 - 1))' 
= T^{(ri(r2 + o-ifJa -{q- l)cri) - rf (cricr2 - (9 - l)ai - {q - l)a2 + {q^ -q + 1)) 
+T|(fT2 - (g - 1))' . 

Similarly, 

0"30-ir;f = r{'(fj3fJ2 + aiCT3 - {q - 1)0-3) 

2 1^^2 



T3 (^3^2 - (g - 1)<T2 - (g - 1)^3 + {q-q + 1)) + T2"(a2 - {q - 1)) 
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Since cricJarg = fJscriTg , it follows that 

,^ Tf{aia2 + 0-3^^2 + crio-3 - [q- l)<7i - (q- l)o-2 - - 1)0-3 + {q'^ -q + 1)) 

= T3"('7lCT2 + (73(72 + (7i(73 - - l)(7i - {q - 1)(72 - - 1)(73 + (^^ - ^ + 1)) 

Set 

Wo = (71(72 + (73(72 + (7i(73 - (g - l)(7i - - 1)(72 - - 1)(73 + {q'^ - q + I) . 

By ()4.8p . we have t^loq = t^ujq. A direct calculation shows that 

Ci3 = q^^iqaiUJo + qtOQa^ + {q - l)(7ia;oo-3 - (710^0(73(72) ((7i - {q - 1)) . 
Since ti and t^, commute with (7i, it follows that 

(4.9) rfCi3 = r3"Ci3. 

Now, suppose that l<i<j — l<n — 2. Set 

Bj3 = Bj j-i- ■ ■ , Bii = Bii^i- ■ ■ , Sij = BiiBj3. 

By Lemma 4.9, 5ij is invertible, and by (|4.3|) . we have 

thus, by ^M), 

Lemma 4.11. Let a, h>l. Then 

(4.10) tM((73 - (7i) = (rlrf + rl^rD^a^ - a^) + t^+\B^2 - B23) ■ 

Proof. Applying twice (j4.2|) to (72x^X3 we obtain 

a2Tf4 = t!^{<ji + (72 - ((7 - l))r| - rf ((7i - {q - 1))t| 

= r|(<^i - (9 - 1)) + ^2^2x1 - rf r|((7i -{q- 1)) 

= T|r|(<^i - (g - 1)) + ^2^'(^2 + (73 - ('Z - 1)) - T!^4{<yz -{q- 1)) 
-TM((7i-(g-l)) 

= T|r|((7i - (73) + r2"+^i?23 - rf r|((7i - (g - 1)) . 

Similarly, 

^2T3Vf = r^f ((73 - (71) + r2"+^i?i2 " rf T3^((73 - (^ - 1)) . 

Since a2TfT^ = (T2T!^Tf, it follows that 



r^rlia, - a^) = {rlr^ + r^rDia, - a^) + t^+'{Bi2 - B, 
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Proof of Theorem 4.7. We fix once for all the number d > 1 of singular points. We set 

+00 

TRrf = {K{z) ® n{SdBn)) . 

n=2 

Then TR^ can and will be viewed as the quotient of TRd by the following relations: 
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• (a/3, n) = {Pa, n) for all a G S]^Bn and /? G (S^B^ such that k + 1 = d, and all n > 2; 

• (/?, n + 1) = (/?, n) for all /3 G S'dS,, and all n > 2; 

• (/3(7n, n + 1) = z • n) for all /3 G SdBn and ah n > 2. 

For Lo G ^(z) (g) H{SdBn), we will denote by [a;] the element of TR,^ represented by u. 

We already know that dimri?^ > d + l (see Theorem 4.3). So, in order to prove Theorem 4.7, 
it suffices to show that TR^ is spanned by cZ + 1 elements. 

Recall the basis Bn of 7i{Bn) described in Section 3. For n > 2 we set 

= {1) Cn-l) Crn-lCn-2, • • • , CTn-l ' ' ' C2Cri} . 

Then Bn is defined by induction on n by 

Bi = {l}, Bn = {pu; (5 e Bn-i and u e Un} ifn>2. 

Let Cn be the set of elements of TR^ of the form [rj^ • • • Ti^P], where I < ij < n — 1 for 1 < j < d, 
and p G Bn- Set Coo = U+^2<^n- By Proposition 3.1, C oo spans TR^. 

Let LO ^ Cn- Let 1 < Z < If 6<j can be written in the form lo = [t^^ ■ ■ ■ P], where 1 < ij < n — 1 
and aj > 1 for 1 < j < I, ai + • • • + ai = d, and P G Bn, then we say that lo has a syllable length 
less or equal to I, and we write Syl(aj) < I. We set 

= {a; G Cn, SyKtj) < 1} , and P,,oo = U+r22^/,n • 
Note that V^^^ = C^o spans TR,^. 

For X C TRrf, we denote by Span(Af) the IfC(z)-hnear subspace spanned by X. The first step in 
the proof of Theorem 4.7 will consist on proving that Span(P; oo) = Span(P;_i oo) for all Z > 3 

(see Claims 1 to 4). Since TR^ = Span(T>d,oo), it will follow that TR^ = Span(P2,cx))- The 
second step will consist on proving that there exists a subset .F3 C T>2,3 with d+l elements such 
that Span(J'^3) = Span(D2,oo) = TR^ (see Claims 5 to 7). 

Let I < I < d, and let 1 < r < /. Set e = 2 if r is even, and e = 1 if r is odd. Then we denote 
by £r,i,n the set of elements of Vi^n of the form 

where 1 < < n — 1 for r + 1 < j < Z, and P e Bn- We set £^r,i,oo = ^n=2^r,l,n- 
Claim 1. Let2<l< d. Then 

(4.11) Span(P,,oo) = Span(Pi_i,oo U 82,1,00) - 

Proof. For A: > 2, we denote by ^'^^^^{k) the set of elements uo G of the form u = 

[t-^'t"^ ■■■Ti^'P], where I < h < k, 1 '< ij < n - 1 for 2 < j < /, and /? G Bn- We set 
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£li,oo(k) = ^t=2£li,ni'')- Note that £li^^{l) = £i,i,oo, and = U Sl^^Jn - 1) for all 

re > 2. 

We prove that 

(4.12) Span(P,_i,oo U £li^^{k)) = Span(P,_i,oo U S'u^^ik - 1)) 
for all > 2. This implies that 

(4.13) Span(P;^oo) = Span(Pi_i_oo U <?i,/,oo) • 

Let cj G be of the form uj = {tI^t^^ ■■■\'f^\- ^7 (SH), we have 

It is easily checked by means of ()4.2p and ()4.5p that this element belongs to Span(2?/_i ^ U 

^Uoo(^-l))- 

Now, for A; > 2, we denote by £'21 ni^) elements uj E T>i^n of the form uj = 

[rfV^Vfg^ • --^'l^]^ where 2 < i2 < k, I < ij < n - I ioi 2, < j < I, and /3 e Bn- We set 
4,;,oo(fc) = ^nh^2,Uk)- Note that £:^,;,^(2) = £2,1,0., and „(n - 1) = for all n > 2. 

Using the same arguments as in the proof of ()4.12p . one can easily show that 

(4.14) Span(Pi„i,oo U 4,«,oo(^)) = U £'2,i,oo{k - 1)) 

for all /c > 3. (Here we also need to use the fact that cr^ commutes with ti.) It follows that 

Span(P/,oo) = Span(i:'i_i,oo U £2,1,00) ■ 

□ 

Claim 2. Let l>3, and let 2 < r < I - 1. Then 

(4.15) SpanCDi^i^oo U £^r,«,oo) = SpanCDi^i^oo U <fr+i,«,oo) • 

Proof. Set e = 2 if r is even, and e = 1 if r is odd. For /c > 3, we denote by £l._^_i i ^{k) the set 
of elements uj G of the form uj = [r" ^3 V"^ • • • T£"' Tf;+Vf;+/ • • • t^^ 13], where l'< v+i < A;, 
1 < «j < n - 1 for r + 2 < j < and /3 G Bn- We set = ^n=2^'r+i,i,n^^)- Note that 

K+i,l,n('^ - 1) = "^ni.n for all n > 2. 

Using the same arguments as in the proof of (I4.12|] . one can easily show that 

(4.16) Span(Pi_i,oo U 4+i,«,oo(^)) = Span(P;_i,oo U £r+i,i,a3{k - 1)) 



22 



for all > 4. (Here we also need to use the fact that commutes with ri and T2.) This implies 
that 

(4.17) Span(Pi_i,oo U £r,i,oo) = Span(Pj_i,oo U <fr+i,«,oo(3)) • 

Let LU G £'r+ij^ooi^) be an element of the form lo = [t^'t^^ ■ ■ ■ t^'-t^'^'tI'^^^ ■ ■ ■ t^^' /3]. Now, 
in order to prove Claim 2, it suffices to show that such an element belongs to Span(I?;_i U 

^r+l,/,oo)- 

Assume that r is odd. So, 



Let 

By Lemma 4.11, we have 

^1 = [rr---rr^^"v3-+^(^3-ai)V;;;...r;;'/3] 

+ ■ ■ ■ r^r-.+ar+ar+,^^^^ _ ^^^^^^^ _ ^^^^a.+. . . . ^a, 
G Span(I);_i,oo) C Span(P;_i,oo U £r+l,l,oo) ■ 

On the other hand, by Lemma 4.10, 

G Span(Di_i,oo) C Span(Pi_i,oo U £r+i,l,oo) ■ 

Hence, by Lemma 4.10, 

u = {q + l)~'^{uJi + U2) G Span(P/_i^oo U fr+1,/,00) • 



Now, assume that r is even. So 



Let 



_ r ai ar-l arar+lTD ID ar+2 rr'^lRU-^] 



a;2 = [r^' ■■■r^-'rrrt^\a^-as)r:;^-: ■■■r^^'PB^^]. 
Obviously, coi G Span(P/_i 00 U £r+i,i,oo)- On the other hand, by Lemma 4.11, 

^2 = • • • T2 (0-1 - o-3)r.^_^^ • • • r.^ fiB^ ^ J 

+ 1^2 •••^2 1-^2 3 - i*i2jrj^_^2 • • -r^, pi'i2J 

G Span(D;_i^oo) C Span(Pi 

-1,00 U ^r+l,Z,oo) • 
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Hence, by Lemma 4.8, 

= • • • r^'Trrt^^ (ai - {q - ■ ■ • r^^'PB^^] 

= [r^ • • • V-r3-+^ (a, - {q - l))^-^ • • • r^^ ^B'^] 
+ [r»^ • • • rr-Vrr-+^i?23<-^ • • • r^^PB^^] 
-K^ • • • ^r^^+^ (^3 -{q- l)K:: ■ ■ ■ PB^^] 

= + u;2 G Span(r»/_i_oo U £r+i,l,oo) ■ 

□ 

At this point, thanks to Claims 1 and 2, we have proved that 

(4.18) Span(P,,oo) = Span(Pi_i,oo U ^^,,,00) , 
for all I > 3. 

Claim 3. Let I > 3. Then 

(4.19) Span(P;_i,oo U ^^,^,00) = Span(P;_i,oo U 8^,3) ■ 

Proof. It suffices to show that 

Span(Pi_i,oo U Si^i^n) = Span(P;_i,oo U Si^i^n-i) 

for all n > 4. 

Set e = 2 if ^ is even, and e = 1 if / is odd. Let cu € be an element of the form io = 

[ti^T2^t1'^ • • • T^'P], where P G Bn- By construction, either /3 G Bn-i, or /3 = a\an-\OL'2, for some 
a\^ai G -B„_i. If /3 G Bn-i, then co G £i^i^n-i- If /? = a\an-\OL2 for some ai, G -B„_i, then 

w = ^K^T^Vi^^ . . . r'^iaxa2\ G Span(P,_i,oo U £^,n-i) ■ 

□ 

Claim 4. Let I > 3. Then 

(4.20) Span(P,_i,oo U ^,,,,3) = Span(Pi_i,oo) • 
Proof. Let 

So = {z^ -{q- l)z - qr\z - (g - 1) + ai) . 
A direct calculation shows that we have 

5q{z - Gi) = {z - ai)6o = 1 
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in K{z)c^n{B2). 

We set e = 1 if / is odd, 
where P G 83. Set 



and e = 2 if / is even. Let uj G <f/,/,3. We write uj = [t^^t^^ ■ ■ ■ t"'/3], 



^3 



Obviously, uj2-,^'i S Span(P/_i^oo)- On the other hand, by Lemma 4.11, 



G 



[(0-3 - fJi 

[(<T3 - fJi 
+ [(^^3 - 

Span(i:'i_i_oo) • 



1 3 2 

2^01^02+03 

^1 ^2 
■^l)S"V2^ 



.0-4 



■■■T 



a4 



-03 



^127-2 



a4 



01+02+03 



0.1 



Bi2rr 



rO; 



Moreover, by Lemma 4.10, 



= [Ci3r'^^+''T^'B,2r^' 
G Span(P/_i^oo) • 



■Tf/3<5o] 



Hence, by Lemma 4.10, 



G 



(g + l)-2[(a3 - a^)\W^'T^^B,2r^^ 
+{q + ^)-'[Ci3T^W^^r^-^B^2T^^... 
Span(P/_i,oo) • 



rO; 



Finally, by (jO 



T-^P6o] 



[(a3-ai)rfVfTfT2"^ 



rf/3<5o] 



01+03 02 / 



[T^'r^'a2T^'r^' ■ ■ ■ r^'PSo] + [rf ^^'^V"^ (ag - {q 

-[r'^'^''Bi2T^'T^'---T^^P6o] 
oji + UJ2 - e Span(i:'i_i,oo) • 



■r^'PSo] 

-l)K*---r-'/?5o] 



□ 



At this point we have proved that 

Span(P/^oo) = Span(Pi_i^oo) 

for all / > 3. This implies that 

(4.21) TRrf = Span(Prf,oo) = Span(p2,oo) ■ 



Now, let 

U MA, [rfrldi], [rf T2V2], [T^T^aia2], MTla2C7i], [T^T^aia2a^] ; a,b > I and a + b 



d}. 
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Claim 5. TR^ = Span(^i). 

Proof. One can easily prove using the same arguments as in the proof of Claim 1 that 

Span(P2,oo) = Span(fi 

,1.00 ,00 ) ■ 

On the other hand, using the same arguments as in the proof of Claim 3, it is easily seen that 

Span(<?i_i,oo U £2,2,00) = Span(J^i) 

□ 

Now, let 

^2 = {[rf], [rtaiW U {[t^tI], [t^tIcj^] ; a, & > 1 and a + 6 = 4 . 

Claim 6. TR^ = Span(^2)- 

Proof. Let a, 6 > 1 such that a + h = d. Then 

= z{q- l)[Tf(Ji] + zq[Tf] G Span(^2) • 
[TtrWa2\ = [Tiai<J2T\] = [rf+Vi^s] = ^[rfai] G Span(^2) • 

By (j4.3p we have 

[TtTlB,2] = [riBr^rW = [r'^+'icj^ + a2 - {q - 1))] = [rf (^i + z-{q- 1))] G Span(^2) • 
On the other hand, 

[T1V2V2] = [rM^i2] - [ri4a^] + {q - 1)[t^tI] , 

thus [TfTla2] G Span(^2). By ^ we have 

[rf r|(c7ic72 + ^2(71 -{q- l)ai - {q - 1)^2 + (q^ - q + 1))] 
= K+*(<Jif72 + (T2ai -{q- l)ai - {q - l)a2 + {q^-q+ 1))] 
= [rf (2zai -{q- l)ai -{q- l)z + {q^-q+ 1))] 
G Span(jF2) . 

On the other hand, 

[Tl4a2ai] = [T^4{cJia2 + 020^ - {q - l)ai - (q - l)a2 + {q^ -q+ 1))] 

- Kr2Via2] + {q- l^^^^i] + {q - 1)^X2^2] -{q^-q+ l)[rM] , 

thus [T^T^a2(Ti] G Span(j^2)- □ 

Let 

•^3 = {[rf], [rff^i]} U {[t^4] ; a > 6 > 1 and a + 6 = 4 

U {[rf r|cri] ; a > & > 1 and a + h = d] . 
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Note that IJF3I = d+1, thus the following finishes the proof of Theorem 4.7. 
Claim 7. TR^ = Span(jr3). 

Proof. Let a,b> 1 such that a < b and a + b = d. 

M4] = hVil = [B^,T|r^B^^] = [r^] G Span(.F3) . 

By Lemma 4.8, 

[rMSi2] = [rfSisTf] = [rf+^(f7i + a2 - {q - 1))] = [Aa, + z - {q - 1))] G Span(J^3) . 

Moreover, 

thus [T{'r|cT2] G Span(jF3). It follows that 

[rfr|ai] = [aiT^r^] = [rfairl] = [rlrfai] = [5i 2T2ViVii?r2'] = [tiV2V2] £ Span(^3) • 
Now, assume that d is even, and let a = 6 = | . We have 

Moreover, 

[Tfr2«Si2] = [rfSi2Tf] = [rf (ai + (72 - (g - 1))] = [Ti^(ai + z - {q - 1))] G Span(J^3) • 

Thus 

Kr2Vi] = ^([rfr2Vi] + KT2V2]) = l[r^r^B^2] + ^(9 - l)[riV2«] G Span(.^3) ■ 

□ 

5 Universal Markov trace and universal HOMFLY-type invari- 
ant 

Let X, Y be two new variables. We define the universal Markov trace as the collection T = 
{tr„}^^ of K-linear maps 

t'^r„ : n{SBn) ^ C(Vg, z)[X, Y] , n > 1, 
defined as follows. Let d>0, and let u G H{SdBn)- Then 

where {T^, Tf,..., T^} is the K(z)-basis of TR^ constructed in Section 4. 
Proposition 5.1. 
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1. We have tr„(a/5) = tr„(/3a) for all a,(3 £ SBn, and all n > 1. 

2. Let in : Ti.{SBn) Ti.{SBn+i) be the morphism induced by the inclusion SBn ^ SBn+i- 
Then tr„+i o = tr„ for all n > 1. 

3. tr„_(_i(t„ (cj)cr„) = z ■ trn{i^) for all uj G Ti.{SBn), and all n > 1. 
4- We have 

tVniTiUj) = ■ tr„(o-iu;) + Y ■ tr„(u;) 

for all UJ G TC{SBn), all n > 2, and all 1 < i < n — 1. 

Proof. Parts (1), (2), and (3) follow from the definition of a Markov trace (see Section 3), and 
from the fact that Tq ,Tf , . . . are Markov traces for all d > 0. 

We turn now to prove (4). Let (3 S S^Bn- We write (3 in the form 

(3 = UQTi^ai ■ ■■n^ad , 

where 1 < ij < n — 1 for 1 < j < d, and aj £ Bn for < j < d. For S C {1, . . . , d} we set 

I3{S) = aouiai ■ ■ ■ UdOa, 

where uj = ai- if j G 5, and Uj = \ \i j ^ S. It is easily checked that, for < A; < d, T^{I3) is 
given by the formula 

(5.1) Ti{P) = k\{d-k)\ T'MS)). 



s'c{i,...,4 

\S\=k 



This implies that 



(5.2) tiM = V?""^""^^'"''" • T^{P{S)) . 

S<Z{l,...,d} 



Now, from (15. 2p . it follows that 

Sc{l,...,d} Sc{l,...,d} 
= X^-tVn{c7iP)+Y-tVn{P). 



□ 



Recall from Section 3 that vr : SBn — > TC{SBn) denotes the natural map, and that e : SBn 
is the homomorphism defined by 

e{ai) = l, e(o--^) = -l, ein) = , for 1 < i < n - 1 . 

We consider the following change of variables: 

q-l z-q + l 

^ y 



l-qy qz 
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For /? G SBn, we set 



1 \ ^"+1 



This is an element of C(y^, y]. 

The following can be proved in the same way as Proposition 3.3. 

Proposition 5.2. Let (a, n) and (/?, m) be two singular braids. If a is isotopic to (3, then 
i{a)=m. □ 

Let C denote the set of (isotopy classes of) singular links. For L G C, we choose a singular 
braid n) such that (3 = L, and we set I{L) = I{(3). By Proposition 5.2, the map I : C ^ 
C{y/q, ^)[X,Y] is a well-defined invariant that we call the universal HOMFLY-type invariant 
of C. 

For d > 0, we denote by Sd the set of invariants I : Cd ^ C{^, ^/y) which satisfies the skein 
relation for t = ^^y^^q and x = y^— Now, the above terminology "universal HOMFLY-type 
invariant" is justified by the following. 

Theorem 5.3. Let d>0, and let L, L' € Cd- We have i{L) = i{L') if and only if I{L) = I{L') 
for all I G Sd- 

Proof. Let TR'^ be the space of traces on {H{SdBn)}n=i with coefficients in C(y^, ^/y)■ Clearly, 
TR'^ is a C(y^, y^)-vector space, and 

TR'^ = C(Vg, ^/y) ® TRrf . 

On the other hand, we have 



k-o {d-k)\k\' 



for all /3 G SdBn 



Let L,L' e Cd such that /(L) = i{L'). By ([53]), we have lTd{L) = I^diV) for all < /c < d. 
Let / G Sd- By Proposition 3.5, there exists T G TR^ such that / = It- By Theorem 4.7, there 
exist Ao, Ai, . . . , Ad G C(y^, y^) such that 

T = XoT^ + XiTf + • • • + XdT^ - 

Then 

d d 

I{L) = ^klT^{L) = Xklr^iL') = I{L') . 

k=Q k=0 



Now, let L, L' G Cd such that I{L) = I{L') for all / G Sd- We have in particular Irpd{L) = Ij,d{L') 

k k 

for all < A; < d, thus, by i{L) = i{L'). □ 
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Let A be an abelian group, let I : C ^ A he an invariant, and let X,Y E A. We say that / 
satisfies the {X, Y) desingularization relation if 



IiLx)=X-I{L+)+Y-IiLo), 

for ah singular links Lx,L^, Lq E C that have the same link diagram except in the neighborhood 
of a crossing where they are like in Figure 5.1. 





We set 



Figure 5.1. The singular links Lx, L^, and Lq. 



and we define tr„ : SBn C{y/q, y/y)[X, Y] by 

t~r„(/?) = (Vyr('')-fr„(7r(/3)). 

With these new notations, can be written 

,2\ 



Proposition 5.4. The invariant I satisfies the {t, x) skein relation and the {X, Y) desingular- 
ization relation. 

Proof. The fact that / satisfies the (t, x) skein relation is proved in the same way as Proposi- 
tion 3.4. So, we only need to show that I satisfies the {X, Y) desingularization relation. 

Let Lx,L^,Lq € C he three singular links that have the same link diagram except in the 
neighborhood of a crossing where they are like in Figure 5.1. A careful reading of the proof of 
Theorem 2.3 shows that there exist a singular braid n) and an index 1 < i < n — 1 such that 
Lx = TiP, = (7j/3, and Lq = $. On the other hand. Proposition 5.1.(4) implies that 

tTninP) = Xt ■ tr n{aiP) + Y ■ tlniP) ■ 

Hence 

X-i{L+) + Y-i{Lo) = (^y^ ■t<-^P^-{Xt-trr,{ai(3)+Y-tinm 



tx 

1-t - 
tx 

HLx). 
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□ 



Now, the following shows that our invariant I is a reasonable extension of the HOMFLY poly- 
nomial to the singular links. 

Theorem 5.5. There exists a unique invariant I : C ^ C{^, ^)[X,Y] which satisfies the 
(t, x) skein relation and the {X, Y) desingularization relation, and which takes the value 1 on 
the trivial knot. Moreover, I{L) G C\t^^ ,x^^ ,X,Y] for all L ^ C 

Proof. The existence of the invariant is given by Proposition 5.4. 

Suppose that I' : C ^ C(y^, y^)[X, Y] is an invariant which satisfies the (t, x) skein relation and 
the (X, Y) desingularization relation, and which takes the value 1 on the trivial knot. Let L ^ Cd 
be a singular link with d singular points. We prove by induction on d > that I'{L) = I{L), 
and that this element belongs to C[t^^,x^^,X,Y]. 

The case d = is well-known (see [7], [3]). We assume d > 1. Let P be a singular point of 
L. Set Lx = L, and let L_|_ and Lq be the singular links having the same link diagram as L 
except in the neighborhood of P where they are like in Figure 5.1. Then, by induction and by 
the {X, Y) desingularization relation, we have 

i'{L) = X • + Y • i'{Lo) = X • + Y • /(Lq) = /(L) . 

Moreover, again by induction, 

i{L) = X ■ i{L+) + Y ■ /(Lo) G C[t^\x^\X, Y] . 

□ 
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